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By studying of a slender body moving in a fluid wave-medium, e.g., in air or in shal-
low water, it was found that the hydrodynamic momentum mass and the total energy 
of the fluid field can be expressed in forms of ( )21om m v c= −  and 2E mc= , 
where v is the body moving speed, c is the wave speed and 0m  is the hydrodynamic 
mass at the zero speed. Thus a hydrodynamic analogy to the relativistic particle mo-
tion in vacuum can be traced. The velocity dependence of mass and the mass-energy 
equivalence are universal for any wave medium, which should not be regarded as a 
consequence of relative Lorentz time-space, but one of the existence of wave in the 
medium. Its further inference leads to an even more significant physical picture. If 
the mass particle moves in an unbounded space at a supercritical speed, i.e. v c> , 
waves are generated and radiated from it, like the Mach waves by the supersonic 
plane, and the particle itself experiences a resistance as reaction from the wave radia-
tion. By an extension of this analogy, it can be interred from a hydrodynamic super-
conductive phenomenon that particles or waves can move possibly at a superluminal 
speed without experiencing any resistance through a tunnel (a bounded space) under 
certain conditions. Therefore the speed of light is not the limit of our physical world 
and superluminal phenomena are possible. 
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The problem studied here concerns a slender body moving in a medium, which 
supports a kind of wave, e.g. shallow water wave or sound wave, characterised by a 
wave speed c. The medium is assumed to be linear and nondispersive. It has been 
well-known since 1898 [1] that the D’Alembert’s paradox holds theoretically for the 
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case of subcritical steady motion and the wave speed is a singular point of body moving 
speed. Physically if a body moves at the wave speed, the momentum and energy produced 
by the body can not spread out from the body. Contrarily they are accumulated around 
the body and become infinitely large. Therefore the wave speed is a critical speed for 
the body motion. In the case of slender body, it was shown in [2] that every integral 
quantity, e.g. hydrodynamic force or moment, carries a factor ( )21 1 v cγ = −  in 
subcritical cases. 
On the other side, it is always intriguing to think why electromagnetic waves can 
travel in a vacuum. According to classical understanding of medium waves, there might 
be a carrier medium for such waves in vacuum. This imagined carrier medium is called 
aether. One tried to detect an aether but never succeeded in it. Based on this fact 
Einstein in [3] and [4] developed his special theory of relativity. Its kinematic basis is 
the Lorentz transformation, which can be derived from two postulates, relativity and 
constancy of the speed of light, proposed by Einstein. Two famous dynamic conse- 
quences are drawn from its kinematics, the velocity dependence of mass and the mass- 
energy equivalence, namely in mathematical formulas 
2 21 and ,om m E mcβ= − =  
where v cβ = , v is the relative velocity of the moving body with respect to the observer 
and c is the speed of light. Since then one needs no more aether concept, but it doesn’t 
mean that the vacuum is not a medium. 
This paper deals with following questions. Do moving bodies in classical wave media 
within the frame of Newtonian mechanics possess also these two dynamic properties? If 
it is true, what does it mean in physics? What can be inferred from it for the general 
physics? 
The concept of hydrodynamic mass and energy is at first summarized and an 
associated story about applying it to explain the mass increase of a moving particle is 
reviewed in retrospect. The reason for the failure of this explanation trial is pointed out. 
Then the two quantities are calculated in detail for a special case of a slender body and 
the mathematical similarity to the special relativity is presented. By this classical 
hydrodynamic example the physical reason for the velocity dependence of mass and the 
mass-energy equivalence can be clarified, namely it is due to the interaction with wave 
field (medium). Two further thinking experiments can be carried out. First, what 
happens, if a mass particle moves at a superluminal speed in a free space? Second, is 
there any possibility, where particles and waves move at a superluminal speed without 
decaying? The answers derived from the analogy are amazing. Moreover, in Appendix, 
the author shows three theorems in the hydrodynamics, which have the same 
mathematical form as the three basic laws of Coulomb, Ampere and Faraday in 
electrodynamics correspondingly. This means that the linear wave equation in the 
hydrodynamics can be set up in the same way as in the electrodynamics, i.e. from the 
three field observation laws without considering the wave field as a medium, although it 
is always derived in a different way based on Newtonian continuum mechanics. The 




the mass-energy equivalence are universal for any wave medium, which should not be 
regarded as a mathematical consequence of Lorentz transformation, but a physical 
consequence of the existence of wave in the medium. 
2. Hydrodynamic Mass 
Let us first briefly state the well-known result of a rigid body motion in an incom- 
pressible ideal fluid, c.f. [5]. Consider a body moving with a velocity v in a straight line 
in unbounded fluid. The motion of the rigid body causes motion of fluid around it, thus 
the fluid has also momentum and kinetic energy, which can be expressed as mv  and  
21
2
mv , respectively, where m is added mass or hydrodynamic mass. Newton’s three  
laws hold in the same form as that for the rigid body motion in a free space. The 
presence of the fluid only effectively increases the mass of the rigid body from bm  to 
bm m+ . The mass bm m+  is called the virtual mass of the body. In other words the 
virtual mass is obtained by increasing the mass of body bm  by the added (hydrodynamic) 
mass m. It would appear also in hydrodynamic experiments that all moving bodies, in 
so far as the motion takes place in a fluid medium, should be affected by the added 
mass. 
Generally an incompressible potential flow is governed by Laplace equation, 
2 0,ϕ∇ =                               (1) 
and the added mass is a tensor of 2nd order and defined for arbitrary motion of the 
body through the momentum ( )1 2 3, ,p p p=p   
,i ij i
i
p m v= ∑                             (2) 
as  
: d d ,iij i jV S
j
m V n S
x
φρ ρφ∂= = −
∂∫ ∫                     (3) 
where iφ  is unit potential, i.e. 
,i i
i
vϕ φ= ∑  
and ( )1 2 3, ,n n n=n  is the body surface outward unit normal vector. The above defi- 
nition of added mass is generally valid for the hydrodynamic mass in any potential flow 
case, no matter if the problem is governed by Laplace equation or a wave equation. 
Newton’s second law reads, the net force experienced by the body is equal to the change 
of momentum per unit time,  
( )d .di ij ij jjF m m vt δ= +∑                        (4) 
The added mass reflects the effect of medium on the body motion. In terms of it the 
body motion is still described by the Newton’s second law, where the effective mass is 
the sum of the mass of solid body and the added mass. If the added mass is taken 




Historically the concept of added mass was so instructive, that a series of investi- 
gations had been carried out by Lorentz, Thomson, Abraham and Kaufman, which 
were contributed to explain the mass increase of a moving particle, e.g. a moving 
electron, in electromagnetism based an analogy to the added mass, c.f. [6] (p. 155). At 
the beginning Thomson in [7] suggested and calculated the effective mass is in the form  
om m µ= +  
where µ  could be called the electromagnetic mass similarly to the hydrodynamic 
mass. But it hardly explained the phenomenon. The final experimental verdict in the 
years 1914-1916 is in favour of relativity. The reason for this failure can be pointed out. 
The moving particle interacts with electromagnetic fields and its mass is a result of this 
interaction, in other words, the mass of a particle is the inertial measure of the moving 
particle in the wave field. The mass manifestation can not appear without the wave field 
that is interactive with it. Therefore the hydrodynamic added mass, which is the result 
of the interaction of moving body and flow field, is not corresponding to the electro- 
magnetic mass but to the whole mass. The increase of mass with velocity is merely due 
to the wave medium field, as shown in a classic example as in the following. 
3. Slender Body Motion in Wave Medium 
The problem of a body moving arbitrarily in a wave medium, which is absolutely 
interesting, has not been solved so completely as body in incompressible fluid. The 
reason for it is that the unsteady motion of a body will generate radiating waves, 
consequently one can not use Newton’s second law to calculate the net force. Nevertheless 
there are good results for steady flows. Studying steady irrotational subsonic flows, [8] 
proved that the momentum mass is always equal to drift mass, and the kinetic energy 
mass is equal to the drift mass under certain conditions. [9] showed further that for 
some linear or even nonlinear periodic water waves and sound waves the total energy 
is equal to 2E mc= , where m is the drift mass per wave length and c is the wave 
velocity. 
Let’s now formulate the problem in a very simple way. Cartesian coordinates are set 
at this moment in the quiet medium and of course the absolute time is used. In the fluid 
potential flow theory, neglecting nonlinear and dispersive effects, the problem of an 




ϕ ϕ∂ − ∇ =
∂
                         (5) 






v n                             (6) 
This formulation is valid for both aerodynamic flow and shallow water flow caused 
by a moving body. For the aerodynamic flow, the problem is usually three-dimensional, 
where ϕ  is velocity potential, 
2 2 2
2
2 2 2x y z
∂ ∂ ∂
∇ = + +
∂ ∂ ∂




the shallow water flow, it is actually two-dimensional in the horizontal plane, where ϕ   







 and c is the  
shallow water wave speed, which is equal to gh , g is the gravitational acceleration 
and h the water depth. The momentum and added mass definitions in (2) and (3) are 
still valid for this case. 
3.1. Steady Motion of a Slender Body 
Especially we consider 2-D problem of a slender body moving along the positive x-axis 
with a constant speed v, i.e. steady shallow-water flow around a slender ship or steady 
aerodynamic flow around a 2-D thin airfoil. Cartesian coordinates are now taken to 
move with the body, notated by ( ),x y′ ′ . Most conveniently the body longitudinal axis 
is taken as the axis of x. Via a translation of coordinates  
, , ,x x vt y y t t′ ′ ′ ′= + = =  
the steady problem is then governed by  
( )21 0,x x y yβ ϕ ϕ′ ′ ′ ′− + =                         (7) 
where v cβ = , a popular notation of the body-wave-speed ratio in the special relativity, 
is depth Froude number ( nhF v gh= ) for the shallow water flow or Mach number 






v n                           (8) 
where v=v i  and ( )1 2 3, ,n n n=n  is unit normal vector towards the outside of body. 
According to the slender body theory of [2] the boundary condition for a slender 
body can be approximated as  




∂ ′ ′ ′ ′ ′= ± = − < <
′∂
                (9) 




and 2x l= ±  denotes two ends of the body. Without loss of generality the body can 
be assumed to be symmetric about the x-axis, i.e. ( ) ( ) ( )f x f x f x+ −= = . The hydro- 
dynamic mass in (3) still holds generally for this case and its component in longitudinal 











′∂∫                         (10) 
where φ  is unit potential, i.e. vϕ φ= . 
In the following we want to derive the relation of velocity dependence of hydrody- 
namic mass by a self-similar solution. We do a transform for the subcritical (subsonic) 




















                         (12) 
with the boundary condition  
( ) ( )2 21 , 0 1 ,y fy
φ β ξ β ξ∂ ′ ′− = ± = −
′∂
  
( ) ( )2 22 1 2 1 .l lβ ξ β− − < < −                   (13) 
On the other hand we have the Laplace equation in the case of infinitesimal velocity 
0β = . As we denote the variables by a subscript o for this case, ( ),o x yφ ′ ′  is the 
solution of  
2 2
2 2 0,o ox y
φ φ∂ ∂+ =
′ ′∂ ∂
                        (14) 
with  
( ) ( ), 0 , 2 2.o x y f x l x l
y
φ∂ ′ ′ ′ ′ ′= ± = − < <
′∂
               (15) 
Now we need to compare (12) and (13) to (14) and (15). For any positive real numbers 
a and k, we have a self-similar solution ( ) ( ), ,oa k a aφ ξ η φ ξ η= , which satisfies  
2 2 2 2 2 2
2
2 2 2 2 2 2 0,o o o ok ka x y
φ φ φ φ φ φ
ξ η ξ η
   ∂ ∂ ∂ ∂ ∂ ∂
+ = + = + =   ′ ′∂ ∂ ∂ ∂ ∂ ∂   
     (16) 
with  
( ) ( ) ( ), 0 , 0 , 2 2.oa k a akf a l a lφφ ξ η ξ η ξ ξ
η η
∂∂ ′= ± = = ± = − < <
∂ ∂
     (17) 
Identifying (16), (17) with (12), (13) and taking 21a β= − , 1k a= , x aξ′ =  and 
y η′ = , we obtain the following important relation,  
( ) ( )1, , .ox y x ayaφ φ
′ ′ ′ ′=                        (18) 
Now it is time to carry out the result. We calculate straight forward and have  
( ) ( )
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∫                    (19) 
This is the velocity dependence relation of hydrodynamic mass in the slender body 
case, which is same as that of real mass in relativistic physics. 
3.2. Associated Medium Momentum and Energy 




clearly expressed as  
( ) .p m vβ=                            (20) 
But, if the body accelerates in the medium, the total force experienced by the body is 
not in the form of ( )d dmv t , unlike in the incompressible fluid that the total force is 
equal to the added mass times the acceleration, because there is extra momentum 
change due to wave radiation that is generated in the unsteady motion. Here the total 
momentum can be divided into two parts, one part mv  due to the steady motion at a 
transient moment, called carried momentum, and the other due to the radiation, called 
radiated momentum. These two names are proposed here tentatively. Correspondingly 
the total force is divided as c rF F F= + , where cF  is due to change of carried 
momentum, which obeys the more general form of Newton’s second law,  
( )d d d d ,
d d d dc
mm m
t t t t
= = = +
vF p v v                  (21) 
and rF  is due to radiation. The work done by each force becomes each corresponding 
kinetic energy in the medium. Since the carried momentum is more compacted around 
the body than the radiated one, the former is physically more meaningful than the 
latter. Therefore only the carried kinetic energy is discussed in this paper, although the 
other might be able to be calculated explicitly. It is believed that the radiated kinetic 
energy is much smaller than the carried one in the case of either 1β   or relatively 
small acceleration 2a c L , where L is a typical length in the problem considered. 
Exactly in the same way as in the derivation in relativistic dynamics, one can 
calculate the carried kinetic energy cT  or the carried total energy cE  of the medium. 
Begin by imagining that a force exerted cF  on a rigid body as it moves through a 
distance dx . Then its change in carried kinetic energy will be  
2dd d d d d d .
dc c
pT F x x v p v m mv v
t
= = = = +                 (22) 
From the velocity dependence of the hydrodynamic mass (19), namely,  
3
2
1d d with ,
1




                  (23) 
we have  
2 3 3 3 2d d d d ,c o oT m c m cγ β β γβ β γ β β = + =   
which integrates to  
[ ]2 1 ,c oT m c γ= −                          (24) 
where the constant of integration is chosen so that 0cT =  when 0β = , which is iden- 
tical formally to that in [4]. In the extreme limit ( 1β → ) the carried kinetic energy in 
this expression goes to infinity, and in the no-wave limit ( 0β → ) an expansion of γ  
in (24) gives 2 2oT m v=  as well known. The term 
2
om c  can be seen as a kind of 
internal energy by virtue of the formula for wave energy 2dE m c=  in [9], where dm  




carried kinetic energy in (24) yields a total carried energy  
[ ]2 2 2 21 .c c o o o oE T U m c m c m c mcγ γ= + = − + = =              (25) 
3.3. Remarks 
• It is clear that the same result as (19) holds also for 3-D slender body subsonic flows.  
• The result (19) doesn’t exactly hold for a non-slender body, since there is no self- 
similar solution. But it is true that the hydrodynamic mass is dependent of body 
moving speed and goes to infinity when β  tends to unit. 
• Based on the fact that there is no loss of kinetic radiated energy in the incom- 
pressible flow, we may expect that the kinetic radiated energy due to radiation can 
be neglected, if β  is small or the accelerator is relatively small. 
3.4. Analogy 
It is not a mere accident to have the same mathematical forms of the mass and energy, 
but it is a finding of a common nature, i.e. an intrinsic analogy, in these two different 
contexts. This means we can extend our understanding in one context to the other one. 
First of all from understanding of the hydrodynamic mass, we can say the mass in 
physics should be a concept of field, although a compact mass point is usually regarded 
as confined in a finite space. It manifests as mass, the measure of the inertia, only 
through interacting with certain field. Indeed the physical reason for the mass increase 
is the interaction with its own wave medium field. 
4. Inferences 
Two dynamic properties of the special theory of relativity, as stated in the introduction, 
are regarded as consequences of its kinematics, i.e. consequences of Lorentz transfor- 
mation. But such properties exist also in Newtonian wave mechanics. It makes one 
trace an analogy between the both, where the hydrodynamic mass corresponds to the 
real mass in relativity. It suggests that the physical reason for the velocity dependence of 
mass is presence of wave medium and interaction of the considered mass with the wave 
medium. Therefore it is actually an “effect of wave medium”. In this sense the vacuum 
is not nothing, but material. The belief on it is not exceptional in physics community, 
e.g. [10] has already proposed the concept of vacuum medium. 
Being similar to the special theory of relativity, it follows from (19) that the hydro- 
dynamic mass of a moving body (its medium inertial property) is a function of its 
velocity. This means that a constant force exerted on a body does not result in a 
constant acceleration. If the radiated momentum is neglected, the relationship between 
force and acceleration must be found by using the general form of Newton’s second law 
(21) which takes changing hydrodynamic mass into account. It means that a body can 
never be made to reach or exceed the critical speed. Dynamically, we see that the faster 
the body goes, the greater is the force required to accelerate it by a given amount. This 
is not only because of the first term in (21), but also because the mass in the second 




its hydrodynamic mass approaches infinity. It follows that no finite force can push the 
body up to the critical speed. 
We should keep in mind that 1) in the special theory of relativity, this dynamic 
explanation of the existence of a limiting velocity is derived from the fundamental 
kinematic limitation; 2) in the classic wave mechanics this limitation is caused by the 
mathematic linearization of the physic problem. We know that there are supersonic 
airplanes and supercritical ships in shallow water in the reality. The sound speed or the 
shallow water wave speed is really a barrier for airplanes or ships, but never a limit. One 
will naturally ask whether the speed of light is the limiting velocity in our universe. A 
philosophic answer is of course “No”. Then how can we imagine what happens if an 
object moves through the transluminal speed range and finally at a superluminal speed? 
Let's first ignore the transition scene from the sub-luminal to super-luminal speed and 
just give a qualitative answer to the superluminal one. 
Assume this analogy traced in this paper is true also for the supercritical case. This 
means we are permitted to use one result in hydrodynamics to explain phenomeno- 
logically the other in electrodynamics or inversely. As well-known in Newtonian wave 
mechanics, a body moving at a supercritical speed (e.g. a plane at a supersonic speed), 
will generate waves (oblique shock waves), which radiate to infinity. Due to the loss of 
momentum of radiated waves, the body will experience a resistance, even if the body 
moves at a constant speed. Similar phenomenon happens in Cherenkov radiation, c.f. 
[11] (p. 638) and [12]. This means that 
• in the supercritical range one can never find a reference frame with constant speed 
that is an inertial frame;  
• no object can move freely (without any external supporting force in an infinite 
space) at a supercritical speed! 
This scene and its consequences are applicable to the superluminal case. 
There are nevertheless exceptional examples of free motions at supercritical speeds 
both in Newtonian wave mechanics and electromagnetism. It was found theoretically 
and experimentally in [13] and [14] that a slender body can move freely without 
experiencing any wave resistance at a certain supercritical speed in a narrow shallow 
water channel. This can be explained by both linear and nonlinear shallow water wave 
theories. This idea can be extended to electrodynamics. Two massless particles with 
equal charge but different signs (positive and negative) are connected firmly to each 
other by a massless rod. Suppose this particle system moves at a superluminal speed 
along the central line of a tube, of which the wall can reflect the electromagnetic wave 
perfectly. The particle at the front (with the positive charge) will generate a conic wave 
and this wave will be reflected by the wall and reach the particle at the back (with the 
negative charge). This reflected wave can be absorbed by the particle at the back totally 
under certain kinematic condition, as shown in Figure 1. This means there is no wave 
in the wake, or no wave outward radiated, therefore there is no wave resistance experienced 
by the particle combination system. 
There is another superluminal example in the electromagnetism, which might be 





Figure 1. Inferred (proposed) superluminal electromagnetic wave structure that is generated by a 
combination of two massless particles with equal charge but different signs moving at a superlu- 
minal speed in a tunnel. 
 
microwave groups can go through a tunnel at a superluminal speed. Because of the presence 
of side wall of tunnel, the waves will form a rhombic pattern through side wall reflection, of 
which the phase velocity is already large than the light speed. However in the linear wave 
theory, the group velocity of this wave pattern in the longitudinal direction is always less 
than the light speed. This means the linear theory cannot explain this phenomenon. 
Nevertheless there are particular examples in nonlinear shallow water waves to show the 
drift mass (energy) propagation velocity is larger than the critical speed. One is the oblique 
interaction of two solitary waves (the cross wave system), e.g. as shown in Fig. 8 on p. 1588 
and Fig. 9 on p. 1589 in [16]. The cross point will move at a supercritical speed and bring a 
drift mass with it, i.e. the drift mass (energy) propagates at a supercritical speed, which is 
significantly larger than the critical speed. The other example of the so-called Mach 
reflexion, is similar to the former one and more clear for understanding. It was shown 
theoretically and experi- mentally e.g. in [17] and [18] that for a solitary wave incident 
obliquely upon a straight wall, if the angle of incidence is small, additionally to the incident 
and reflected waves there is a third wave crest called Mach stem, which intersects the wall 
normally and propagates along the wall at a supercritical speed. 
5. Conclusion 
The slender body motion in the classical wave media possesses the same dynamic 
properties of two famous Equations (19) and (25) as in the special theory of relativity. But 
they are derived here purely classically, namely, in terms of the absolute coordinate 
system, rather than in terms of the relative space-time. Main inferences drawn from this 
analogy are that the increase of mass with velocity is due to the interaction of moving 
body (particle) with wave medium field and the vacuum is the medium that supports 
electromagnetic waves. A further thinking result is that no object can move freely in an 
unbounded space at a constant superluminal speed, but it can do in a channel (tunnel)! 
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Appendix: Comparison of Electrodynamics and Hydrodynamics 
Electrodynamics has different fundamentals from hydrodynamics. But the three basic 
laws of Coulomb, Ampère and Faraday have same or similar mathematical forms as or 
to some theorems or laws in hydrodynamics. Here some known analogies or possibly 
unknown analogies between electrodynamics and hydrodynamics are parallelly listed. 
The electrodynamic laws are referred to [11] and hydrodynamic laws and theorems to 




Some remarks concerning what we can learn from the comparison are given here. 
• Both the electric field E  and magnetic field B  correspond to the velocity field 
v  or the momentum field ρv . 
• The gauge in the electromagnetism is quite strange to a continuum mechanist. This 
is actually a typical problem for the theory based on field observation, see a further 
explanation below. 




a rotation of some field, which is proposed to be B . Finally we find the equation 
system is not complete and we need a relationship between B  and v . This is 
actually the gauge here, like the relationship between B  and E  in the electro- 
magnetism. In the fluid dynamics it is so simple and trivial, i.e. =B v , that one 
could even ignore it. 
• The wave equation in the fluid dynamics could be set up based on pure field 
observations like the set up of Maxwell equations. It is obvious that the nonlinear 
convective term is missing in such a derivation. The critical wave speed becomes a 
singularity in the artificial mathematical problem. But this should not be a physical 
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